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We study a continuous quantum phase transition that breaks a Z2 symmetry. We show that the 
transition is described by a new critical point which does not belong to the Ising universality class, 
despite the presence of well defined symmetry breaking order parameter. The new critical point 
arises since the transition not only break the Z2 symmetry, it also changes the topological/quantum 
order in the two phases across the transition. We show that the new critical point can be identified in 
experiments by measuring critical exponents. So measuring critical exponents and identifying new 
critical points is a way to detect new topological phases and a way to measure topological/quantum 
orders in those phases. 
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For a long time, Landau symmetry-breaking theory 
[1, 2] is believed to be the theory that describes all possi- 
ble phases and phase transitions. The Ginzburg-Landau 
theory [3] based on order parameters and long rang order 
became the standard theory for all kinds of continuous 
phase transitions. 

However, after the discovery of fractional quantum 
Hall (FQH) effect, [4] people realized that different FQH 
states all have the same symmetry. So the order in FQH 
states cannot be described by the Landau's symmetry 
breaking theory. The new order is called topological or- 
der. [5, 6] Topological order is new since it has nothing 
to do with symmetry breaking, long range correlation, 
or local order parameters. None of the usual tools that 
we used to describe a symmetry breaking phase applies 
to topological order. Despite this, topological order is 
not an empty concept since it can be described by a new 
set of tools, such as the number of degenerate ground 
states [7, 8], quasiparticle statistics [9], and edge states 
[6, 10, 11]. 

The existence of topological orders has consequences 
on our understanding of continuous phase transitions. If 
there exists phases that are not described by symmetry 
breaking, then it is reasonable to guess that there exist 
continuous phase transitions that are not described by 
changes of symmetries and the associated order parame- 
ters. Indeed continuous phase transitions exist between 
two phases with the same symmetry [12-16] and between 
two phases with the incompatible[26] symmetries. [17]. In 
this paper, we will show that even some symmetry break- 
ing continuous phase transitions are beyond Landau's 
symmetry breaking paradigm in the sense that critical 
properties of the transition are not described by fluctu- 
ating symmetry breaking order parameters and not de- 
scribed by Ginzburg-Landau effective theories. As a re- 
sults, the critical exponents of those symmetry break- 
ing transitions are different for those obtained from 
Ginzburg-Landau theory. 
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Why some symmetry breaking transitions give rise to 
new class of critical points? One reason is that those 
transitions not only change the symmetry of the states, 
they also changes the topological/quantum order in the 
states. So the appearance of the new critical points, in 
many cases, imply the appearance of new state of mat- 
ter with non-trivial topological/quantum orders. It is 
known that frustrated spin systems on Kagome or py- 
rochlore lattices contain many different quantum phases. 
Those different quantum phases in general contain differ- 
ent spin orders as shown by magnetic susceptibility mea- 
surements. So one naturally assume those spin ordered 
phases are described by symmetry breaking, and the 
continuous transition between those phases are symme- 
try breaking transitions described by Ginzburg-Landau 
theory. The main message of this paper is that those 
T — spin ordered phases may contain additional topo- 
logical orders and represent new states of matter. The 
additional topological orders can be detected by measur- 
ing critical exponents at continuous quantum transition 
points between those T — quantum phases (even when 
the continuous transitions are symmetry breaking tran- 
sitions). If the measured critical exponents do not agree 
with the those values obtained from Ginzburg-Landau 
theory, then the transition point will be a new quantum 
critical point and the two phases separated by the phase 
transition will contain non-trivial topological orders. 

But why zero temperature is important? Can we find 
new states of matter and new continuous phase transi- 
tions at finite temperatures? The answer is yes, but it 
is more difficult to find new states of matter and new 
continuous transitions at finite temperatures. This is be- 
cause most of the known new states of matter are due to 
string-net condensations. [18, 19] String-net condensa- 
tions and the continuous phase transition between differ- 
ent string-net condensed states only exist at zero temper- 
ature. So it is much easier to find new states of matter 
and new continuous transitions at zero temperature. 

To illustrate our point that a continuous T — sym- 
metry breaking phase transition can have a new set of 
critical exponents beyond Ginzburg-Landau symmetry 
breaking theory, we consider a frustrated spin-1/2 model 
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FIG. 1: The behavior of potential V(a) (a) before and (b) 
after the phase transition from the S(7(2)-linear phase to the 
chiral spin phase. 



on square lattice: 
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where the coupling between the nearest neighbors is J\ 
and between the second nearest neighbors is J 2 . We 
have used SU(2) slave-boson theory [20, 21] to study the 
possible spin liquid phases of the above frustrated spin 
model. Under mean-field approximation, we find a con- 
tinuous phase transition between the two spin liquids at 
J2/J1 « 0.52. [22, 23] 

The spin liquid phase for J2 < 0.52Ji is called SU(2)- 
linear spin liquid (or 7r-flux phase) [20, 21, 24] whose 
low energy effective field theory is a SU (2) gauge theory 
couple to massless Dirac fermions [23] 



N 



1 



(2) 



i=l 



where ip a i is four-component Dirac fermion field, a = 1, 2, 
i = 1,2, N, and N =1. ^, n = 0, 1, 2, 3, 5, are Dirac 
matrices and the summation of n run through 0, 1, 2. r , 
£ = 1,2, 3, are Pauli matrices and is SU(2) gauge field. 

The spin liquid phase for J2 > 0.52Ji is called chiral 
spin liquid [22] whose low energy effective field theory is 
a SU{2) gauge theory couple to fermions with a chiral 
mass [22, 23] 

N 

L = ^2^ ai (0 M - ia l ^T l ab ) 7^ 6i + mip al (ij 3 -y 5 )ip al 
i=l 

The effective field theory that describes the transition 
connects (2) and (3) and is given by [23] 

N 1 
L = 2 ^ (fy - 7^ + — 5 

+ <J${i l3l5 }^ + ^(d^) 2 + V(a) (4) 

where V(cr) = V(— a). 

We note that the S?7(2)-linear state does not break 
any symmetry and the chiral spin state breaks the time 
reversal and parity symmetry. The real a field is the or- 
der parameter of the symmetry breaking. The potential 



FIG. 2: The fermion self energy due to the gauge interaction. 
The solid lines represent the fermion propagator and wiggled 
line gauge propagator. 



V(a) controls the phase transition (see Fig. 1). a = 
gives rise to the SU (2)-linear state and a ^ gives rise 
to the symmetry breaking chiral spin state. The order 
parameter a is related to the following combination of 
physical spin operators: a oc Si- (Si +X x Si +y ) [22] 

The transition between the 5'C/(2)-linear and the chi- 
ral spin state is a Z2 symmetry breaking transition. So 
we may expect the critical point to belong to the uni- 
versality class of 3D Ising model. For 3D Ising model, 
the order parameter has scaling dimension [er] Isms « 0.51 
(or a correlation (ct(x)ct(O)) = x~ 2 ^ ) at the critical 
point. One may conclude that, at the transition point 
between the 5'[/(2)-linear and the chiral spin state, the 
order parameter Si ■ (Si +X x Si +y ) also has the correla- 
tion 

(Si ■ (Si +a; x Si^Sj ■ (S j+X x S j+y )} oc |i-ir 2Mlsins 

In fact the above guess is incorrect. For our case, even 
though the transition breaks a Zi symmetry and has a 
well defined Z 2 order parameter, the critical point does 
not belong to the 3D Ising class. 

Why the S'C/(2)-linear state to the chiral spin state 
transition belongs to a new universality class? The rea- 
son is that, at the critical point, not only the fluctuations 
of the order parameter a give rise to gapless excitations, 
the fermion field ip and the SU(2) gauge field also 
give rise to gapless excitations. Had all gapless excita- 
tions come from the order parameter a, then the transi- 
tion would be belong to the 3D Ising class. So the key 
to understand the existence of the new critical point is 
to understand why ip and a 1 ^ can give rise to gapless ex- 
citations. 

At first sight, one may expect both ip and are 
gapped due to their interaction. In fact, the self energy 
term (see Fig. 2) from the SU(2) gauge interaction, in 
general, can generate a fermion mass term Smtpiipi. Once 
the fermions are gapped, the SU{2) gauge field is al- 
ways in confined phase in 1+2 dimensions and the gauge 
bosons are also gapped. So in order for the new critical 
point described by the gapless a, ip and field to exist, 
we must find the reason that protect the gaplessness of 
ip and a 1 . 

To find such a reason, we like to point out that both 
the S l {7(2)-linear state and the chiral spin state contain 
non-trivial quantum or topological orders. Such quan- 
tum/topological orders are characterized by projective 
symmetry groups (PSG) which describe symmetry of the 
effective theory. [19, 24] The PSGs of the S'J7(2)-linear 
state and the chiral spin state are studied in detail and 
will be described in a forthcoming paper. [23] We find 
that it is PSG that protects the gaplessness of ip and o^. 
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FIG. 4: Gauge dressed fermion propagator at first order of -jj, 
where the double wiggled line is the dressed gauge propagator 
in the leading order of large N limit. 
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FIG. 3: Change of scaling dimension of staggered spin-spin 
correlation function during phase transition. 



FIG. 5: Gauge dressed three point correlation function at 
order of -L. 



[23-25] In other words, if we regulate the effective field 
theory (4) in a way that does not break the symmetry 
described by the PSG, then the self energy term in Fig. 
2 cannot generate fermion mass. [23] With the gapless 
excitations from a, ip and ai , the effective field theory (4) 
describes a new critical point at the transition between 
the SU (2)-linear state and the chiral spin state. 

The scaling dimensions of operators are in general dif- 
ficult to calculate. However, if we assume the number of 
the fermion fields N to be large (instead of N = 1), then 
they can be calculated systematically in l/N expansion. 
[23] We find that the order parameter a has a scaling di- 
mension [a] = l + 0(jf) at the new critical point, which 
is different from the scaling dimension for the 3D Ising 
universality class given by [cr] Isms = 0.51. Near the tran- 
sition, there is a diverging length scale £ oc \t — t c \~ v 
where t is a parameter (such as J2/J1) that controls the 
transition. For the new critical point, the coherent length 
exponent v is found to be v = 1 + O(-k), while for the 
3D Ising universality class j/ Ising w 0.63. 

We can also calculate the staggered spin-spin correla- 
tions which is easier to measure. In S'C/(2)-linear phase 
and at the critical point, spins have algebraic correla- 
tions with different exponents. In the chiral spin phase, 
the spins have short ranged correlation (see Fig. 3). 

The scaling dimension of staggered spin-spin correla- 
tion function ((— ) x S(cc)S(0)) is calculated by the large- 
N expansion of quantum field theory. In our formal- 
ism, one can show that the staggered spin-spin corre- 
lation function is just the correlation function of the 
fermion mass operator {■ipip(x)ipip(0)) in the effective the- 
ory Eq.(4). By power counting, the scaling behavior 
should be ('ipip(x)ipi(j(O)) — £~~ 4 , but quantum fluctua- 
tion change the it into {^^(x)^^^)) = x^ i ^ 2 ' 7 ^^ , where 
jjj^p is called the anomalous dimension of fermion mass 
operator. 

In the following, we will use the spin correlation as 
an example to demonstrate how various correlations are 
calculated in the large N limit. It turned out that 
the easiest way of calculating 7^, is not to calculate 
(i/jip(x)ipip(0)) directly, but to calculate the correlation 



function of fermion field ip: (ip(x)ip(O)) , and the three- 
point correlation function (i/jip(x)ip(y)ip(0)). Let us 
firstly calculate the staggered spin-spin correlation func- 
tion in SU (2)-linear phase, where the low energy effective 
theory is Eq.(2). We will do our calculations in Landau 
gauge. 

In the large- N limit, the gauge field is strongly 
screened by fermions. To the leading order of -h, the 
dressed gauge propagator is shown in Fig. 4. The dressed 
gauge propagator in Landau gauge is found to be: 
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The fermion correlation to the first order in , is given 
by (see Fig. 4): 
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Therefore the anomalous dimension of ip is 7^ = — h . 

Then we look at the dressed three-point correlation 
function (ipip(x)ip(y)ip(0)) at order of jj, as shown in 
Fig. 5. Suppose we fix the momentum of ipip to be 2k, 
while ip and ip each carry momentum k, then the tree level 
three point correlation function will be G3(2k,k,k) = 

-pr %i ^ — From the contributions of diagrams in 
Fig. 5, the dressed three point correlation function is: 



Gs^dressed{2k, fc, k) 



^U + (A + B + C)log(t) 



where A,B,C are the contribution from each correspond- 
ing diagram. Actually we know that A + B + C = 

It is easy to see that A, B come from the dressed 
fermion propagator: A = B = 27^,. New calculation 
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FIG. 6: The contribution of u-boson to fermion propagator 
at order of jj, where the double dashed line is the dressed 
cr-boson propagator at leading order. 






FIG. 7: Contributions of cr-boson to three point correlation 
function at order of jj. 



need to be done for vertex correction in C. 
Clog(|) 

l-i6 f dq 3 iM+m-thv f x 



N J (2tt) 3 (q + k) 2 (q-k) 2 q 
12 k 



k 2 



ir 2 N 



'A' 



(8) 



Thus 7 ^ = A + B + C - 2 7v> = - J^. 

We can also calculate the spin-spin correlation func- 
tion at the critical point in a similar fashion. The only 
difference is that the a boson becomes massless at criti- 
cal point and contributes to the anomalous dimension of 



correlation functions. As shown in Fig. 6 and Fig. 7, after 
similar calculations, we found that at the critical point, 
7-i/ii/. — ~~ ^3iv + 371-2 N , where the second term comes from 
contribution of massless cr-boson. 

In this paper, we study a continuous quantum phase 
transition that breaks a Z2 symmetry. Despite being 
a symmetry breaking transition with well defined order 
parameter, the transition is described by a new critical 
point which does not belong to the Ising universality 
class. The new critical point is due to the fact that 
the transition not only break the Zi symmetry, it also 
changes the topological/quantum order in the two phases 
across the transition. The additional gapless excitations 
protected by the PSG change the scaling behavior and 
the universality class of the critical point. So even a sym- 
metry breaking continuous transition may be described 
by a new critical point. Thus it is very important to mea- 
sure critical exponents even for seemingly ordinary sym- 
metry breaking transition. A new critical point can be 
identified by measuring critical exponents and confirm- 
ing the critical exponents to be different from those pre- 
dicted by Ginzburg-Landau theory Since a new critical 
point is usually due to a change in topological/quantum 
order at the transition, a discovery of new critical point 
usually implies a discovery of new states of matter with 
non-trivial topological/quantum orders on the two sides 
of the transition. 
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